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a b s t r a c t

Currently, chromatographic analyses are carried out by operating columns packed with sub-2 �m parti-
cles under very high pressure gradients, up to 1200 bar for 5 cm long columns. This provides the high flow
rates that are necessary for the achievement of high column efficiencies and short analysis times. How-
ever, operating columns at high flow rates under such high pressure gradients generate a large amount
of heat due to the viscous friction of the mobile phase stream that percolates through a low permeability
bed. The evacuation of this heat causes the formation of significant or even large axial and radial gradients
of all the physico-chemical parameters characterizing the packing material and the mobile phase, even-
tually resulting in a loss of column efficiency. We previously developed and successfully applied a model
combining the heat and the mass balances of a chromatographic column operated under very high pres-
sure gradients (VHPLC). The use of this model requires accurate estimates of the dispersion coefficients
at each applied mobile phase velocity. This work reports on a modification of the mass balance model
such that only one measurement is now necessary to accurately predict elution peak profiles in a wide
range of mobile phase velocities. The conditions under which the simple equilibrium-dispersive (ED) and
transport-dispersive (TD) models are applicable in VHPLC are also discussed. This work proves that the

new combination of the heat transfer and the ED model discussed in this work enables the calculation of
accurate profiles for peaks eluted under extreme conditions, like when the column is thermostated in a
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water bath.

. Introduction

Analysts in the pharmaceutical and fine chemical industries
re under strong pressure to increase considerably the speed
nd throughput of HPLC analyses while keeping constant or even
ncreasing peak resolutions. For these reasons, manufacturers of
acking materials are preparing and packing new brands of finer
ilica particles. Various types of columns packed with sub-2 �m
articles are now commercially available. The permeability of these
olumns is much lower than that of conventional columns but the
elocity under which they should be operated for optimum results
s larger. In order to fully exploit the potential of these new columns,

nalysts need to operate them under high inlet pressures, up to
000 bar or more. However, high linear velocities of the mobile
hase require steep pressure gradients along the columns and these
ombine to generate important amounts of heat. This heat, due to
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the friction of the mobile phase against the bed through which
it percolates, escapes through axial convection, radial and axial
conduction. This evacuation causes an important thermal hetero-
geneity of the column and losses of its efficiency that depend on
the thermal environment of the column.

An abundant literature [1–19] deals with theoretical and exper-
imental investigations of the consequences of heat generation by
viscous friction in chromatographic columns: (1) the degree of
thermal heterogeneity due to the evacuation of this heat; (2) the
distributions throughout the columns of the temperature, hence
the mobile phase velocity, the viscosity and the density, and (3) the
resulting column efficiency. Recently, the profiles of peaks eluted
from a column immersed in a water bath were determined in a wide
range of mobile phase flow rates and at several bath temperatures
[20]. It was shown that, when the temperature of the column wall
is kept constant, the peak profiles are Gaussian at low flow rates

and become trapezoidal at high flow rates (i.e., at very high inlet
pressures).

We previously [21,22] described a new model accounting for
column behavior under such conditions. This model combines the
heat balance of the column and its mass balance in the equilibrium-
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Nomenclature

C concentration in mobile phase
Cp average concentration in the mobile phase
dp adsorbent diameter
Deff effective particle diffusivity
Dz,a axial apparent dispersion coefficient
DL axial dispersion coefficients
Dr,a radial apparent dispersion coefficient
Dm molecular diffusion coefficient
E activation energy
F phase ratio
Fv volumetric mobile phase flow
H Henry constant
k overall mass transfer coefficient
kext external mass transfer coefficient
kf apparent overall mass transfer coefficient
L column length
N number of theoretical plates
q concentration in stationary phase
q* equilibrium concentration in solid phase
qs saturation capacity
q̄ average concentration in stationary phase
R gas constant
Rp the particle radius
t time
tp injection time
T temperature
u superficial velocity
Vm partial molar volume
w interstitial velocity

Greek symbol
εe external porosity
εt total column porosity
εp particle porosity
�1, �2 geometrical constant
� viscosity
� density
� tortousity parameter

Subscripts
F inlet value
ext external
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band along a column that is no longer isothermal. Then, the equi-
ispersive (ED) model with an isotherm model for the analyte,
nd the equations accounting for flow in porous media. It takes
nto account the influence of the axial and radial distributions of
he local temperature and pressure on the values of the viscosity
nd density of the mobile phase, on its velocity, and on the Henry
onstant of the analyte. This model was validated by its correct pre-
ictions of the temperature distribution along the walls of columns
acked with either conventional 5 �m particles or sub-2 �m parti-
les, and of elution band profiles of analytes. Noteworthy were the
orrect predictions of peak profiles eluted from a sub-2 �m particle
olumn held in a water bath at 299 K. This good agreement between
alculated and recorded peak profiles was achieved, however, only
ecause the apparent axial dispersion coefficient needed in the ED

odel was estimated separately, by parameter identification, at

ach mobile phase velocity studied.
The efficiency of columns operated under VHPLC conditions

t constant wall temperature can be extremely low, as low as a
1217 (2010) 4704–4712 4705

few hundred theoretical plates. At such low efficiencies, the solu-
tion of the classical ED or TD models may differ considerably from
that given by the general rate (GR) or the lumped pore diffusion
model (POR). We previously proposed [23,24] the use of corre-
lations between the apparent dispersion coefficient (for the ED
model) or the effective overall mass transfer coefficient (for the TD
model) and proved that these models could be applied to predict
the profiles of bands eluted from very low efficiency columns. How-
ever, the applicability of these correlations has never been checked
yet for chromatographic systems in which the physico-chemical
parameters vary along and across the column because this column
is thermally heterogeneous.

The goals of this work are: (1) a discussion of the condi-
tions of applicability of the simple equilibrium-dispersive (ED) and
transport-dispersive (TD) models under VHPLC conditions; (2) a
presentation of a modified mass balance model enabling the predic-
tion of the elution profiles of solutes in a wide range of mobile phase
velocities based on the measurement of a single kinetic parame-
ter requiring only one experiment; and (3) the validation of the
proposed model for columns operated at different wall tempera-
tures.

To validate the proposed model, we chose the experimental con-
ditions that are the most unfavorable and difficult for this modeling,
the thermal environment in which the chromatographic column is
immersed in a liquid bath with a fast, turbulent water flow. Under
such conditions, the column wall temperature is kept constant,
equal to the water temperature, due to the very high external heat
transfer between the column wall and the water in the bath. On
other hand and due to the radial heat flux, a steep radial tem-
perature gradient, hence steep radial gradients of mobile phase
velocity, viscosity, and density, and of retention factors form across
the column. Shallow axial gradients of all these parameters also are
formed. If the model is validated under such conditions, it should
also correctly predict the column behavior under the less severe
conditions that are typically chosen in laboratory practice, with the
column operated in a closed, still air bath.

2. Mathematical models

The mathematical model developed to account for the conse-
quences of the heat generated in the column by the friction of the
mobile phase percolating through the bed consists in the fusion of
three separate models: (1) a model of heat transfer; (2) a model
of mobile phase velocity distribution; and (3) a model of mass
transfer. The first of these models expresses how heat is gener-
ated by viscous friction and how it is evacuated from the column
under steady-state conditions. The boundary conditions for this
model assume a constant wall temperature equal to that of the
temperature-controlled water bath. The second model accounts
for the distribution of mobile phase velocities across the column,
which depend on the local temperature and pressure provided by
the first model and on the equations of hydrodynamics in porous
media. These two models are exactly the same as those described in
our previous paper [22] and need not be described again. To solve
these two models, we need the eluent density, viscosity, thermal
expansion coefficient, and heat capacity as a function of pressure
and temperature. These values and the effective thermal conduc-
tivity of the bed were calculated using the correlations given in
[22].

The third model accounts for the propagation of a compound
librium constant depends on the local temperature and pressure;
so does the migration velocity of a concentration. In this work
we applied a modified equilibrium-dispersive (ED), a transport-
dispersive (TD), and the lumped pore diffusion model (POR) [23,24].
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.1. The mass balance equations

Numerous mathematical models are available to account for the
and profiles obtained in chromatography [25]. The most sophis-
icated and exact model is the general rate model (GR). When the

ass transfer resistances inside the adsorbent particles are moder-
te, the POR model can be applied. When the overall mass transfer
esistances are small and have but a minor influence on band pro-
les, the ED model is recommended.

In earlier papers [23,24] it was proven that even the ED or the
D models could be applied to low efficiency columns provided
hat the apparent dispersion coefficient (in the ED model) or the
ffective overall mass transfer coefficient (in the TD model) are
alculated from an appropriate correlation (see next section, Eqs.
10) and (14)). In such a case, the peak profiles calculated with
he ED or the TD model are identical or almost identical to those
iven by the GR or the POR model. Eqs. (10) and (14) were devel-
ped to be applied under linear conditions, meaning at constant
obile phase velocity and constant value of the isotherm Henry

onstant throughout the whole column. In this work, we must
heck whether these equations can also be applied when the Henry
onstant depends on the position in column (due to the temper-
ture and pressure distributions) and when both a radial and an
xial gradient of mobile phase velocity exist everywhere. The test
f consistency of the results of the POR, ED and TD models will be
erformed also for nonlinear isotherms (nonlinear dependency of
on C).

.1.1. POR model
The most sophisticated model of mass transfer used in this work

s the lumped pore diffusion model. In a cylindrical system of coor-
inates, the mass balance equation for the mobile phase is written
s follows [23]:

ıC

ıt
+ uz

εe

ıC

ız
+ C

εe
div(u) = DL

ı2C

ız2
+ Dr,˛

(
1
r

ıC

ır
+ ı2C

ır2

)

−1 − εe

εe
k

6
dp

(C − Cp) (1)

his equation was obtained by adding dispersion in the radial direc-
ion to the classical equation of the unidimensional POR model.

The mass balance of the solute in the mobile phase impregnating
he adsorbent pores is

p
ıCp

ıt
+ (1 − εp)

ıq̄

ıt
= k

6
dp

(C − Cp) (2)

here C is the analyte concentration in the mobile phase (g/l), Cp

nd q̄ are its average concentrations in the mobile and the station-
ry phases (g/l), DL and Dr,a are the average axial dispersion and
verage radial apparent dispersion coefficients (m2/s), respectively,
z (m/s) is the superficial velocity, r and z are the radial and axial
oordinates respectively, εe, εp are the external bed and particle
orosities respectively, t is the time (s), dp is the particle diameter
m) and k is the overall mass transfer coefficient (m/s).

In this work, we neglect the radial convective term in Eq. (1)
ecause the mobile phase velocity in the radial direction is negligi-
le compared to the axial velocity [21]. For the same reason, div(u)
as approximated by ıuz/ız in all three models. In our previous

apers [21,22] the term containing div(u) was neglected. Neglect-

ng this term in the high pressure range, however, may cause an
rror of a few percent in the mass balance.

The sets of equations of the models 1 and 2 were solved with
he following initial and boundary conditions:
1217 (2010) 4704–4712

- Initial conditions, for t = 0

C(0, z, r) = 0Cp(0) = q̄(0) = 0 (3)

- Boundary conditions for Eq. (1).
for t > 0; z = 0

uF C0
F − u(0)C(0) = −εeDL

ıC

ıZ
; C0

F =
{

CF for 0 < t < tp

0 for t < tp
(4)

for t > 0; z = L;

ıC

ız
= 0 (5)

For t > 0, r = Rp and r = 0:

ıC

ır
= 0 (6)

where tp is the injection time (s), Rp is the particle radius (m), and
subscript F denotes the inlet value.

The overall mass transfer coefficient, k, is a function of the
external mass transfer coefficient, kext, and the effective particle
diffusivity, Deff:

k =
[

1
kext

+ dp

10Deff

]−1

(7)

The effective particle diffusivity is evaluated from the following
relationship:

Deff = εpDm

�
(8)

where dp is the particle diameter (m), � is a tortuosity parameter,
and Dm is the diffusion coefficient (m2/s).

2.1.2. ED model
The mass balance equation of the ED model is written as follows

[21]:

ıC

ıt
+ F

ıq

ıt
+ ı(wzC)

ız
= DZ,˛

ı2C

ız2
+ Dr,a

(
1
r

ıC

ır
+ ı2C

ır2

)
(9)

where C and q are the analyte concentrations in the mobile and in
the stationary phases (g/l), respectively, Dz,a and Dr,a are the average
axial and radial apparent dispersion coefficients (m2/s), respec-
tively, wz = uz/εt (m/s) is the interstitial velocity, F = (1 − εt)/εt is
the phase ratio and εt is the total porosity of the column.

In earlier papers [23,24], it was proved that the solution of the
unidimensional ED model (without a radial term but with a con-
stant mobile phase velocity) is compatible with the GR or the POR
model when the axial apparent dispersion coefficient is calculated
from the following equation:

Dz,a = DLεe

εt
+

(
k1

1 + k1

)2 u2dp

εtεeFe6

[
dp

10Deff
+ 1

kext

]
(10)

where

k1 = Fe

(
εp + (1 − εp)

ıq

ıC

)
; Fe = 1 − εe

εe
(11)
In this work the apparent axial dispersion coefficient Dz,a was cal-
culated from Eq. (10).

The initial and boundary conditions are similar to those used for
the POR model.
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.1.3. TD model
The TD model in the form compatible with the GR model is

ritten as follows [23]:

ıC

ıt
+ F

ıq

ıt
+ ı(wzC)

ız
= εe

εt
DL

ı2C

ız2
+ Dr,a

(
1
r

ıC

ır
+ ı2C

ır2

)
(12)

here a term for dispersion in the radial direction was added to the
lassical equation of the unidimensional TD model. The TD model
s then completed with the following kinetic equation:

ıq

ıt
= kf (q∗ − q) (13)

here the parameter kf is the apparent overall mass transfer coef-
cient [m/s] and q* is the equilibrium concentration in the solid
hase corresponding to the concentration C in the mobile phase.
he apparent overall mass transfer coefficient is calculated from
he formula [24]:

f = Fekεe6
dpεtk′

o

(
k′

o(1 + k1)
k1(1 + k′

o)

)2

(14)

here

′
o = 1 − εt

εt

ıq

ıC
(15)

he initial and boundary conditions are similar to those for the POR
odel.

.1.4. Isotherm equation
Models ED, TD and POR must be combined with an appropriate

sotherm equation for the solute. In this work, we consider a linear
sotherm:

= H · C (16)

here H is the Henry constant. In a linear isotherm, H does not
epend on the concentration. However, H is a function of the tem-
erature and the pressure [25]:

= H0 · exp
(

− E

RT

)
· exp

(
−�Vm

P − Pref

RT

)
(17)

here E is the activation energy of adsorption, R is the universal
as constant and �Vm is the difference between the partial molar
olumes of the solute in the adsorbed layer and in the liquid phase.

Besides the linear isotherm, the Langmuir isotherm was also
onsidered, with:

= H · C

1 + (H/qS) · C
(18)

.2. Methods of calculation of the physico-chemical parameters
or the mass balance equations

To solve the mass balance equations discussed above, the exter-
al mass transfer coefficient, kext, the dispersion coefficient DL, the
adial apparent dispersion coefficient, Da,r, the molecular diffusiv-
ty, Dm, and the tortuosity parameter, �, must be calculated.

In the literature, the correlations most frequently recommended
or the calculations of the external mass transfer coefficient are the
quations elaborated by Pfeffer [26], Wilson and Geankoplis [27],
nd Kataoka et al. [28]. The applicability of these formulas under
hromatographic conditions was recently confirmed by Miyabe et

l. [29]. In this work we calculated kext from the Wilson and Geanko-
lis correlation which gives:

h = 1.09
εe

Re0.33Sc0.33 (19)
1217 (2010) 4704–4712 4707

where

Sh = kextdp

Dm
Re = udp�

�
Sc = �

�Dm

The dispersion coefficient can be calculated from the Gunn [30] or
the Wen and Fan correlations [31]. Another method is to approxi-
mate the dispersion coefficient by the relationship [25]:

DL = �1Dm + �2udp (20)

where �1 and �2 are geometrical constants. It was assumed that
�1 = 0.7 [25] whereas �2 was estimated from the experimental data.

The molecular diffusion coefficient Dm was estimated from
the Scheibel [32] equation, often recommended in the literature
[25,33]:

Dm = DA,B = AT

�BV1/3
A

[
1 +

(
3BVB

VA

)2/3
]

(21)

where VA and VB are a molar volumes of the solvent and the solute,
respectively, and A is a constant, the value of which depends on
ratio of VA to VB [25].

To solve the mass balance equation, the apparent radial disper-
sion coefficients are also needed. The radial dispersion coefficient,
Da,r, was calculated on the basis of the plate height equation derived
by Knox [34,35,22]:

Da,r = 0.03dpu

εt
+ 0.7Dm (22)

The tortuosity parameter, �, was calculated from the correlation
[25]:

� = (2 − εp)2

εp
(23)

2.3. Method of calculation of numerical solutions of the models

The coupled mass balance and heat balance equations were
solved with a method previously described in details in [21,22].
First, the steady-state distributions of the temperature and the
pressure throughout the column were derived. Afterwards, the
time dependent mass balance equation was solved, using the tem-
perature and the pressure profiles previously obtained. The heat
balance and the differential mass balance equations were solved
using the method of orthogonal collocation on finite elements
(OCFE) in its analog version previously described [36]. The spatial
derivatives were discretized, following the OCFE method. The set of
ordinary differential equations obtained through this process was
then solved using the VODE solver [37].

3. Experimental

The experiments and their results were described in details in
an earlier paper [20]. Among these results, those obtained with
the column kept in a temperature-controlled water bath are ana-
lyzed in this paper. In the following section, we briefly describe the
experimental conditions.

3.1. Chemical

A 85/15 (v/v) aqueous solution of acetonitrile was used as the
mobile phase. HPLC grade acetonitrile was purchased from Fisher
Scientific (Fair Lawn, NJ, USA). Dichloromethane and tetrahydrofu-

ran (also from Fisher Scientific), both HPLC grade, were used to
determine the hold-up volumes of the columns, using the pyc-
nometric method [38]. The solvents were filtered before use on
an SFCA filter membrane, 0.2 �m pore size (Suwannee, GA, USA).
Eleven polystyrene standards were used to acquire the ISEC data
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eeded to estimate the column porosities (MW 590, 590, 1100,
680, 6400, 13 200, 31 600, 90 000, 171 000, 560 900, 900 000, and
860 000). They were purchased from Phenomenex (Torrance, CA,
SA). Naphtho[2,3-�]pyrene was used as the solute and was pur-
hased from Fisher Scientific.

.2. Materials

.2.1. Columns
The 2.1 × 50 (I.D. (mm) × L (mm)) column used in this study

as from Waters (Mildford, MA, USA). It was packed with
.7 �m particles of bridged ethylsiloxane/silica-C18 packing mate-
ial (BEH). The characteristics of the adsorbent particles are
verage pore diameter—130 Å, specific surface area—185 m2/g,
onded phase—endcapped BEH-C18, total carbon—18%, surface
overage—3.1 �mol/m2. The total porosity of the bed was 0.642,
he external porosity 0.373, and the particle porosity 0.429.

.3. Apparatus

The column was operated with an Acquity UPLC liquid chro-
atograph (Waters, Milford, MA, USA). This instrument includes a

uaternary solvent delivery system, an autosampler with a 10 �l
ample loop, a monochromatic UV detector, a column thermostat,
nd a data station running the Empower data software from Waters.

From the exit of the Rheodyne injection valve to the column
nlet and from the column outlet to the detector cell, the total
xtra-column volume of the instrument is 13.5 �l, as measured
y replacing the column with a zero-volume union connector. The
ow rate delivered by the high-pressure pumps of the instrument

s true at the column inlet. The flow rate eventually measured at the
olumn outlet depends on the inlet pressure and on the eluent com-
ressibility. The maximum pressure that the pumps can deliver is
034 bar. The maximum flow rate is 2.0 ml/min. All measurements
ere carried out with the column immersed in a thermostated
ater bath.

The column was connected to the pump using a 25 cm long steel
ube, with an internal diameter of 0.127 mm. This connecting tube
as immersed in the water bath. Under such conditions and for any
obile phase velocity applied in this work, the fluid temperature

t the column inlet was equal to that of the water bath.

. Results and discussion

For column inlet pressures below ca. 100 bar, the heat generated
y viscous friction is small, the column is isothermal and all the col-
mn physico-chemical parameters can be regarded as constant. In
ontrast, for an inlet pressure of 1000 bar, the difference between
he column inlet and outlet temperatures may exceed 20 ◦C and
he difference between the temperatures in the column center and
ear its wall, at a distance of only 1 mm, may reach 5 ◦C. Such
n important radial temperature gradient causes a considerable
eduction of the column efficiency [22]. The radial thermal gradient
s smallest when the column is operated under natural convective
onditions and the radial heat losses are moderate. This gradient
s largest when the column is immersed in a water bath with a
trong circulation of thermostated water, and fast convective heat
ransfer keep constant the column wall temperature. We previously
roved [22] that the heat transfer model coupled with the simple
D mass transfer model as we proposed accurately predicts the

eak profiles of naphtho[2,3-�]pyrene for column inlet pressures
p to 1000 bar, when the water bath temperature is 299 K. How-
ver, an excellent agreement is achieved between the calculated
nd the experimental elution profiles only if the axial dispersion
oefficient is estimated for each mobile phase velocity.
1217 (2010) 4704–4712

In this work, we report on tests of the model described in the
Theory section, which combines the heat transfer model and one
of the mass transfer models, the POR, TD, or ED models. These tests
were made in a wide range of experimental conditions, for water
bath temperatures of 299, 310 and 329 K and for mobile phase flow
rates between 0.03 and 1.8 ml/min. To solve these mass transfer
models, the values of the external mass transfer coefficient, kext,
and of the dispersion coefficients, DL and Da,r, were calculated from
Eqs. (19), (20), and (22), using for these calculations the known
physico-chemical conditions at the column inlet and outlet and
their average values.

The isotherm model parameters, Ho = 2.936 × 10−4 and
E/R = 3245, were derived from the measurements of the retention
time of naphtho[2,3-�]pyrene at 299, 310 and 329 K, at a mobile
phase velocity of 0.12 ml/min, at which the heat effects are negligi-
ble. The difference between the partial molar volumes of the solute
in the adsorbed and the liquid phase, �Vm = −1.1 × 10−5 m3/mol,
was derive from the results of the measurements of the peak
retention time at a mobile phase velocity of 1.5 ml/min, with
a water bath temperature of 299 K. These values of Ho and E/R
were used for the calculation of the peak profiles at temperature
T = 299 K. We found a better agreement between experimen-
tal and theoretical peak profiles if the calculations made for
the temperatures of 310 and 329 K used the values of Ho and
E/R derived from the measurements of the retention times of
naphtho[2,3-�]pyrene at 310 and 329 K, giving Ho = 8.242 × 10−4

and E/R = 2929.
Comparison between the band profiles calculated with the ED,

the TD, and the POR models under very high pressure gradi-
ents were also performed with a Langmuir isotherm, assuming
an arbitrary value of the saturation capacity, qs = 50 g/l, the other
parameters remaining the same as for the linear isotherm. With
a nonlinear isotherm, however, the ED model must be modified.
The axial apparent dispersion term in Eq. (9), Dz,a, depends on the
position along the column, due to its dependency on the solute con-
centration (see Eqs. (10) and (11)). So, the model must be replaced
by:

ıC

ıt
+ F

ıq

ıt
+ ı(wzC)

ız
= ı

ız

(
Dz,a

ıC

ız

)
+ Dr,a

(
1
r

ıC

ır
+ ı2C

ır2

)
(9a)

4.1. Comparison of the results of the calculations made with the
ED, the TD and the POR models

As stated above, the band profiles calculated with the ED and
the TD models are consistent with those obtained with the GR and
the POR models provided that the effective dispersion coefficient
(in the ED model) or the effective overall mass transfer coefficient
(in the TD model) are calculated from Eqs. (10) or (14), respec-
tively [23,24]. The ED or TD models predict very well the peak
profiles calculated with the GR or POR models, even for column
efficiencies as low as a few theoretical plates. Eqs. (10) and (14)
were developed for cases in which the isotherms are linear and the
physico-chemical parameters of the system are constant through-
out the whole column. It was proved later that these equations can
also be applied in the cases in which the isotherms are nonlinear
but it was not yet clear whether solutions of the simple ED and TD
models can approach closely enough the solution obtained with the
more sophisticated GR or POR models when the column is operated
at high mobile phase velocity, under a very high pressure drop and

is no longer isothermal. In such cases, the amount of heat generated
by viscous friction is large, considerably affecting the distributions
of the physico-chemical parameters of the system (retention con-
stant, viscosity, density, mobile phase velocity, diffusivity) in both
the radial and axial directions.
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Fig. 1. Comparison between concentration profiles calculated with the ED, the
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several times and one to two orders of magnitude larger than with
the ED model, respectively.

The calculations discussed in the next section were done with
ED model.

Fig. 2. Comparison between experimental (symbols) and theoretical (solid lines)
D, and the POR models. (a) Linear isotherm and (b) nonlinear isotherm. Column:
cm × 0.21 cm, wall temperature kept at 299 K. Solid line, ED model; dotted line, TD
odel; dash-dotted line, POR model. Fv = 1.5, 0.8, 0.12 ml/min (from left to right).

In this work we compared the numerical solutions provided by
he ED and the TD models with those calculated using the POR

odel. The calculations were made for mobile phase flow rates of
.12, 0.8, and 1.5 ml/min and for a water bath temperature of 299 K.
wo series of calculation were made, one for the linear isotherm
nd the second for a nonlinear isotherm. The temperature distri-
ution was calculated with the method described in Refs. [21,22].
he mass balances were calculated using these temperature distri-
utions and the average values of the kinetic parameters: kext, DL

nd Da,r. The last unknown parameter, �2, in Eq. (20) was assumed
o be equal to 1.62 (see next section).

The band profiles calculated for a linear isotherm are shown in
ig. 1a and those calculated for a nonlinear isotherm in Fig. 1b. For
linear isotherm and at the lowest mobile phase velocity, the elu-

ion peak has a nearly Gaussian profile, practically unaffected by
he heat generation, whereas, at the largest velocity, the band pro-
le resembles a trapezoid. Similarly, for a nonlinear isotherm, the
lution peak has the classical triangular profile associated with the
angmuir isotherm whereas, at the largest velocity, the Langmuir
eak profile is deformed and the shock layer has disappeared.

A more detailed comparison between experimental and theo-
etical peak profiles in linear chromatography is presented in the

ext section. A similar comparison for nonlinear chromatography
ill be presented later.

From the results of our calculations presented here, it follows
hat the numerical solutions obtained with the ED and the TD mod-
1217 (2010) 4704–4712 4709

els agree very well with the solution of the POR model. However,
the calculation time is shorter with the ED model. Depending on
the physico-chemical conditions of the specific problem studied,
the calculation times with the TD and with the POR models can be
concentration profiles of naphtho[2,3-�]pyrene. Column: 5 cm × 0.21 cm ther-
mostated in a water bath at 299 K. Fv = 0.4, 0.3, 0.2, 0.12 ml/min (from left to right),
with P = 210, 161, 114, 75 bar, respectively, Fv = 0.8, 0.7, 0.6, 0.5 ml/min (from left to
right), with P = 419, 365, 313, 261 bar, respectively, Fv = 1.5, 1.1, 0.9 ml/min (from
left to right) with P = 808, 580, 470 bar, respectively,
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Fig. 3. Comparison between experimental (symbols) and theoretical (solid lines)
concentration profiles of naphtho[2,3-�]pyrene. Column: 5 cm × 0.21 cm ther-
mostated in a water bath at 310 K. Fv = 0.4, 0.3, 0.2, 0.12 ml/min (from left to right),
710 J. Kostka et al. / J. Chroma

.2. Comparison of experimental and theoretical peak profiles

In our previous work, we successfully used the simple ED model
n Eq. (9) for the calculation of peak profiles eluted from a column
hermostated in a water bath at 299 K. However, to obtain a good
greement between theoretical and experimental peak profiles, the
alue of the apparent dispersion coefficient at each mobile phase
elocity used must be estimated from the corresponding experi-
ental data, separately. As will be demonstrated in the following,

his drawback can be overcome by calculating the axial apparent
ispersion coefficient from Eq. (10) and all the other parameters
ut �2 from the correlations presented in Section 2.3. The value of
he �2 parameter was estimated at each temperature studied, for
he mobile phase velocity at which the van Deemter curve reaches
ts minimum. This corresponds to a value of Fv equal to approxi-

ately 0.3 ml/min [20]. The values obtained for �2 were 1.62, 3.38
nd 4.40 at the temperatures of 299, 310 and 329 K, respectively.

A comparison between the experimental and the calculated
eak profiles are shown in Figs. 2–4. At each temperature and for
obile phase flow rates greater than about Fv = 0.2 ml/min, the

esults of the calculations agree excellently with the experimen-
al profiles. This result is important because flow rates larger than
bout 0.2 ml/min correspond to the most important flow rate range
sed in practical applications, the right branch of the van Deemter
urve, in which it is recommended to perform chromatography
eparations.

In contrast, at mobile phase flow rates lower than 0.1 ml/min,
he peak profiles calculated are always higher than those recorded.
his discrepancy increases with decreasing fluid flow rate (data not
resented). However, these flow rates correspond to the left branch
f the van Deemter curve, a range that is generally considered as of
inor importance in chromatographic analysis.
Besides the methods of calculation of elution band profiles pre-

ented earlier, we tested two other possible approaches:

. The axial dispersion coefficient, DL, was calculated from the Gunn
and the Wen and Fan correlations.

. The axial dispersion coefficient, DL, was calculated as explained
above but the effective dispersion coefficient Deff, was estimated
from the peak profile at one mobile phase velocity (in a fashion
similar to that used to derive the value of �2).

In both cases, however, and in the whole range of mobile phase
elocities investigated, the agreement between experimental and
heoretical band profiles was generally much less good than it was
or profiles calculated with the method presented above.

The loss of column efficiency is caused by the combined effects
f (1) a radial distribution of the mobile phase viscosity, hence of
he velocity; and (2) a radial distribution of the retention factor, k′

i.e., a radial Henry constant distribution). To compare the losses of
olumn efficiency due to these two effects, we calculated the peak
rofiles at two mobile phase velocities, 1.5 and 0.8 ml/min, and at
= 299 K. In the first case, the inlet pressure was 808 bar, in the
econd it was 419 bar. The calculations were performed with three
ssumptions: (a) the full, correct model that takes into account the
adial distributions of the Henry constant and the mobile phase
elocity; (b) the Henry constant is independent of the temperature
with T = 299 K in Eq. (17)) but there is a radial distribution of the

obile phase velocity; and (c) the Henry constant and the mobile
hase velocity are constant. The results obtained are presented in
ig. 5.
The first group of peaks was calculated for Fv = 1.5, the second
or Fv = 0.8 ml/min. The highest peaks were all obtained for calcula-
ions made in assumption (c), the intermediate ones for calculations

ade in assumption (b) and the smallest ones for calculations made
n assumption (a). The column efficiencies expressed in the num-
with P = 186, 143, 100, 67 bar, respectively, Fv = 0.8, 0.7, 0.6, 0.5 ml/min (from left to
right), with P = 384, 320, 274, 229 bar, respectively, Fv = 1.5, 1.1, 0.9 ml/min (from
left to right), with P = 703, 504, 410 bar, respectively

bers of theoretical plates, calculated with the method of moments,
were as follows:

At Fv = 0.8 ml/min, N = 5661, 4640 and 1922 in cases (c), (b) and
(a), respectively.
At Fv = 1.5 ml/min, N = 3366, 1179 and 192, in cases (c), (b) and (a),
respectively.

As seen in Fig. 5 and from the numbers of theoretical plates given
above, the main source of loss of column efficiency in the case of
naphtho[2,3-�]pyrene investigated here is the radial distribution
of the retention factor, k′. The loss that is merely due to the radial

distribution of the mobile phase velocity is important for a pressure
drop of 800 bar. However, for inlet pressures lower than 400 bar, it
becomes marginal.
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Fig. 4. Comparison between experimental (symbols) and theoretical (solid lines)
concentration profiles of naphtho[2,3-�]pyrene. Column: 5 cm × 0.21 cm ther-
mostated in a water bath at 329 K. Fv = 0.6, 0.4, 0.2, 0.12 ml/min (from left to right),
with P = 226, 155, 86, 59 bar, respectively, Fv = 1.8,, 1.4, 1.0, 0.8 ml/min (from left to
right), with P = 694, 530, 375, 299 bar, respectively,
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ig. 5. Comparison between peak profiles calculated under conditions (a)–(c)—see
ext. The first group of peaks was calculated for Fv = 1.5 and the second for Fv = 0.8.

. Conclusions

The numerical solutions of the ED, the TD, or the POR mod-
ls of the mass balance equation coupled with the original model

f heat transfer in VHPLC columns that was previously developed
21,22] are all in excellent agreement. This agreement was observed
or a range of column inlet pressures between about 40 bar up
o 1000 bar, which means that it is observed for columns packed
ith sub-2 �m particles that are operated under such experi-

[

[

[

1217 (2010) 4704–4712 4711

mental conditions that their efficiency is either very high or very
low. The only requirement to achieve this agreement is that the
apparent axial dispersion or the effective overall mass transfer coef-
ficients be calculated using Eqs. (10) or (14), respectively. Because
the calculations are much faster with the ED model than with
the TD model and especially with the POR model, the simplest
ED model is recommended for the modeling of the VHPLC pro-
cess.

The heat transfer model coupled with the ED model in the
version discussed in this work provided an excellent agreement
between experimental and theoretical profiles for a series exper-
iments performed using water bath temperatures of 299, 310,
and 329 K. To achieve this good degree of agreement, only one
experimental parameter had to be calculated on the basis of only
one experimental band profile recorded at each temperature. The
model described to account for the consequences of thermal phe-
nomena resulting in a thermally heterogeneous column enables the
calculation of accurate elution profiles even when the column is
placed in a temperature-controlled water bath, extreme condition
that promote considerable efficiency losses and that are certainly
not the recommended mode of operation for maximum column
efficiency. It will work as well when the column is in a less drastic
thermal environment.

The model of coupled heat and mass transfer that we pro-
posed could be used for the calculation of the optimum separation
conditions of column working in VHPLC conditions and used for
semi-preparative applications.
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